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Computational Fluid Dynamics Algorithms for Unsteady
Shock-Induced Combustion, Part 1: Validation

Jeong-Yeol Choi*
Pusan National University, Pusan 609-735, Republic of Korea

and
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A computationalstudy is carried out to develop a fully implicit and time-accurate computational fluid dynamics
code for the analysis of reactive flow systems. Periodically oscillating shock-induced combustion around a blunt
body in a stoichiometric hydrogen-air mixture is used as a validation problem of examining various numerical
considerations. Euler equations and species conservation equations are used as the governing equations for the
chemically reacting flow. Spatial discretization of the governing equation is based on Roe’s approximate Riemann
solver with a MUSCL-type total variation diminishing scheme for higher-order spatial resolution. The second-
order-accurate time integrationmethod is based on a lower-upper symmetric Gauss-Seidel scheme, using a Newton
subiteration method and Steger-Warming flux Jacobian splitting. As a first step of the validation procedure,
simulations of experimental results were carried out to confirm the reliability of the baseline method. In the next
step, the general aspects of the baseline method were examined, including order of time integration, number of
subiterations, and use of approximate flux Jacobian splitting. Appropriateness of the grid system is also examined

by using a grid refinement study.

Introduction

HOCK-INDUCED combustion is the self-ignited combustion

phenomena of a premixed gas induced by the flight of a hyper-
velocity projectile in a combustible gas mixture. It has gained pub-
lic interest as a promising combustion mechanism for hypersonic
propulsion devices such as oblique detonation wave engine! and
ram accelerators? In addition to much experimental and theoretical
research in the 1960s and 1970s, a computational fluid dynamics
approach has been used as a major research tool of the phenomena
in the 1980s and 1990s, with developments in numerical methods
and computational power.

The shock-induced combustion flowfield is characterized by the
hypersonicrange flow velocity and the finite rate exothermic chem-
istry behind the bow shock. Thus, the coupling and the interaction
between the bow shock and the reaction wave show the various
and distinctive flow features according to the chemical and fluid
dynamic conditions. Among the various features of shock-induced
combustion, a periodically unstable regime would be the most in-
teresting due to its naturally oscillating characteristics. Figure 1
is the shadowgraph of the unstable phenomena taken by Lehr?® in
the 1960s. After the experimental observationsin 1960s and 1970s,
many researchersshowed their interestin the phenomena. The oscil-
lating mechanism of shock-induced combustion was suggested by
Toongs* in the 1970s and was proved numerically by Matsuo and
Fujiwara’ and Matsuo et al.® in 1990s as a wave interaction mecha-
nism between the shock wave, combustion wave, compression and
expansion waves, and projectile surface.

For the analysis of the unsteady combustion phenomena, a sta-
ble and time-accurate numerical approach is required to capture
the strong bow shock and weak pressure waves without numeri-

Presented as Paper 98-3217 at the AIAA/ASME/SAE/ASEE 34th Joint
Propulsion Conference, Cleveland, OH, 13-15 July 1998; received 14 Jan-
uary 1999; revision received 13 December 1999; accepted for publication
29 December 1999. Copyright © 2000 by the authors. Published by the
American Institute of Aeronautics and Astronautics, Inc., with permission.

*Assistant Professor, Department of Aerospace Engineering. Member
ATAA.

TProfessor, Department of Aerospace Engineering. Senior Member
ATAA.

1179

cal instability or distortion because the phenomena is the result of
wave interactions between the bow shock, combustion wave, and
body surface. In addition, a detailed combustion mechanism that
includes a sufficient number of chemical species and elementary re-
action steps should be used to reproduceaccurately the experimental
resultsof shock standoffdistance,inductiondistance,and oscillation
frequency because these characteristicsare determined by finite rate
reaction mechanisms. The inclusion of more species results in the
increase of the variables proportional to the number of species and
the increase of the matrix inversion time proportional to the cubic
number of equations. Moreover, a huge grid system s alsoneeded to
resolve the wave interactionsbetween bow shock and body surface.
Therefore, enormously large memory capacity and computing time
seem to be inevitable for the analysis of the unsteady combustion
phenomena. The reliable simulation results of the oscillating com-
bustion phenomena began to appear in the 1990s with the help of
developments in numerical methods and computational power.>~’
At present, the development of computing power makes the simu-
lation possible on a desktop computer, and the numerical approach
is used in the analysis of the unknown shock-induced combustion
phenomena for which the experimental or analytic methods do not
apply adequately?>-©

During the past several years, many researchers performed simu-
lations of experimentally known shock-induced combustion and re-
produced the experimental result with sufficient accuracy’ ™ How-
ever, there are some discrepancies between their simulations and
experimental results because they used different numerical meth-
ods and computationalconditions. They explainedthe discrepancies
by the inaccuracies of the chemistry mechanisms, numerical meth-
ods, etc. However, the huge computational expense of the analysis
prevented the needed validational or comparative studies before us-
ing the computational methods in the analysis of unknown physical
problems.

In this study, a comparative study of numerical methods is made
as a part of the process of developing an efficient computational
fluid dynamics code capable of analyzing unsteady reacting flows.
A time-accurate fully implicit algorithm and a third-order spatially
accurate upwind scheme are presented as baseline methods. Val-
idation of these baseline methods is made with the simulation of
experimental results, and then the results from different numerical
approaches are compared with those of the baseline method.
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Fig. 1 Experimental shadowgraph of
periodically oscillating shock-induced
combustion.

Governing Equation and Chemistry Mechanism

The oscillatory phenomena in shock-inducedcombustion are ba-
sically due to the interactionbetween the shock and the combustion
wave. The effect of transport properties is known to be negligible
Therefore, species conservation equations and inviscid Euler equa-
tions are used as governing equations of the reacting flow around an
axisymmetric bluntbody. The conservationform of these governing
equationssetinvolving N number of speciesis writtenin curvilinear
coordinate form as follows:
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Here, u and v are the velocity componentsin Cartesian coordinates
x and y, and U and V are the contravariant velocity componentsin

the generalized coordinates:
U=¢cu+tév, V =nu+mnv 3)

Coordinate transformation metrics &,, &, 7, and 7, and metric
Jacobian J are obtained from coordinate transform relation as fol-
lows:

J =1/(xeyy — xyYe) “)

& =Jy & =—Jxy, e =—JYe, n, =Jxz (5

Total density p is expressed as a sum of the partial density p; of

each species:
p= Z Pk (6)

Pressure p is evaluated from the ideal gas law for a mixture of
thermally perfect gases, and total energy per unitvolume e is defined
as asum of kineticenergy and internal energy. The definition of total
energy is used for the implicit evaluation of temperature 7' by the
Newton-Raphson iteration method:

N
Pk

= —RT 7

p M, )

k=1 K

p ~ "Cc.—-R
o2 +02 E —rk 0
6—2(14 +v)+k=1pk / - dT + h} (8)

Here, M, is the molecular weight for kth speciesand R is the univer-
sal gas constant. The specific heats of each species are obtained as
functions of temperature from NASA thermochemical polynomial
data that are valid up to 6000 K (Ref. 10):

CplR =ay +ayT +ayT* + ayT* + as T* 9)

For the elementary reaction steps generally expressed as

N N
Z Vi X = Z Vi X (10)

k=1 k=1

the mass productionrate of each species in Eq. (2) is written as

Nr N P Vir N P iy
k k
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where forward reaction rate constant kg for the rth reaction step is
expressed in Arrhenius form:

ki = A, T%exp(~E?| RT) (12)

Thereactioncoefficients A,, B,,andactivationenergy E *inEq. (12)
are taken from Jachimowski’s detailed chemistry mechanisms for
hydrogen-air combustion'! (see Table 1). The original mechanism
includes the oxidation process of nitrogen, but the reaction steps are

Table1l Jachimowski’s mechanisms for hydrogen-air combustion
without nitrogen oxidation process®

Reaction A, B, E}
Forward reaction rate coefficients

H; + 0, < HO, +H 1.00 x 10" 0.00 56,000
H+0, < OH+O0 2.60 X 10'4 0.00 16,800
O+H,~ OH+H 1.80 x 10'° 1.00 8,900
OH +H, - H,0+H 2.20 x 1013 0.00 5,150
OH +OH < H,0+0 6.30 X 10'2 0.00 1,090
H+OH+ X~ H,0+X 2.20 x 102 —2.00 0
H+H+ X H,+ X 6.40 x 10'7 -1.00 0
H+O0O+X<OH+X 6.00 X 10'° —-0.60 0
H+0,+X—HO, +X 2.10 x 1015 0.00 —1,000
HO, + H— OH + OH 1.40 X 10! 0.00 1,080
HO, + H—~ H,0+0 1.00 x 10'3 0.00 1,080
HO, + 0~ O, + OH 1.50 x 1013 0.00 950
HO, + OH+~ H,0 + O, 8.00 x 102 0.00 0
HO, < H,0, + O, 2.00 X 10'2 0.00 0
H + H;0, < H; + HO, 1.40 X 10'2 0.00 3,600
O +H,0, < OH + HO, 1.40 X 10'3 0.00 6,400
OH + H,0, < H,0 + HO, 6.10 x 10'2 0.00 1,430
H,0, + X < OH + OH + X 1.20 X 10'7 0.00 45,500
O0+0+X—0,+X 6.00 X 10"3 0.00 —1,800

Third-body efficiencies relative to N,

H+OH+ X - H,0+X H,0=6.0
H+H+X—H,+X H,O0=6.0,H, =2.0
H+O0O+X—OH+X H,0=6.0
H+0O; + X< HO, + X H,O0=6.0,H,=2.0
H,O+ X—=H+OH+ X H,O=15.0

AUnits of reaction constants are seconds, moles, cubic centimeters, calories, and Kelvin.
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neglected and nitrogen is assumed to be an inert species because
the oxidation process does not have a significant effect on the fluid
dynamics of shock-induced combustion. This combustion model
has been successfully used and validated in a number of supersonic
reacting flow studies >7-81!

Backward reaction rate constant &y, in Eq. (11) is evaluated from
the forward reaction rate constantand equilibrium constant:

Kgq =kfr/ kbr (13)

The equilibrium constant is calculated from the Gibbs free-energy
minimum condition as follows:

Yoo -y I
. 1 atm Zk :1( k.r k.r ’ S]? Hk
Ko = ( "7 ) exp[zwhr‘“w * R

k=1
(14)

Here, entropy S} and enthalpy H, are obtained as functions of tem-
perature from the specific heat data at standard state:

H 1 !
R_; =ﬁ{_/ c,,de+H;’k} (15)
T T
S _ [ dH _ [ CudT 16)
R RT RT

Baseline Numerical Method

Time-Accurate Implicit Integration with Newton Subiteration

A fully implicit second-order-accurae time-integration method
is used for the analysis of an unsteady supersonic reacting flow.
A Newton subiteration method is used to reduce the error of tem-
poral discretization and to ensure the second-order time accuracy
and stability in the case of a large time step equivalent to Courant-
Friedrichs-Lewy (CFL) number greater than one. By the taking
of the second-order approximation of time derivative and applying
Newton’s method to evaluate conservative variables at the next time
step, the governing equation (1) could be written in discretized form
as follows:

n+1lm
oR ’
ol — | — AQ'M ™M =RHS" T
aQ L] L]

ij
RHS| " = —c,0] " ~ @, — a0l +R(QIT™) (D)

where the residual vector based on finite volume discretizationis

sy TF L =G +G oy (18)

R ;=W ;—-H ,—-

e

Conservative variables are updated from the evaluated increment at
every time-integration level and subiteration step:

Qn+1,m+l =Qn+l,m + AQn+l,m (19)

iJ ij ij

In this time-integration scheme, n is the designation of time-
integrationlevel and m is that of the sub-iterationstep. Time march-
ing is performed by assuming that the initial guess of the conserva-
tive variable atn + 1 time level Q" * % is Q". In Eq. (17) ¢y, ¢1, and
¢, are the functions of time step size At", which is defined as

A" =g (20)

This time-integration scheme is second-order-accuratefor arbitrary
time step size by selecting ¢y, ¢;, and ¢, as

l1—-o o
[ -, ¢ = Z
(1 — o)At + A1 (1 — o)At + At~
= —! (1420 2 1)
C T -—oAr +Ar-U o= A

Equation (21) can be first-order accurate by choosing

co =1/At", ¢ =0 (22)

¢y = —Co,

The implicitpartof Eq. (17) constitutesa block pentadiagonalsys-
tem of equations. Alternating direction implicit schemes based on
approximate factorization are often used for solving these kinds of
pentadiagonal systems, but their efficiency degrades severely when
the number of equationsis very large. Thus, a lower-upper (LU) re-
laxation scheme'? is used in this study that involves only pointwise
matrix inversion. By applying the upwind discretization of flux Ja-
cobianmatrices,Eq. (17) can be rewritten in the following factorized
form:

D =cl+A*—A" +B" —B - 2),;

- B} U=D+A ,, . +B~

ij-1° i+ 1) i+l

L=D-A;

i—1,j
LD_IUAQM =RHS, ; (23)

Here A* and B* are split Jacobian matrices of flux vectors F and
G, and Z is the Jacobian matrix of chemical source vector W. The
preceding LU-factored governing equation is actually inverted by
the following two steps of the symmetric Gauss-Seidel method with
a well-known LU-decomposition method for linear algebraic equa-
tions:

D ;AQ;, =RHS,; +A7_| AQ;_, ;+B,_|AQ,_,

Di,jAQi*,j' = _Ai_+ 1,,'AQ7++11:;" - B;j— 1Aan,+—llm
AQ;{; Lm =AQ;, +AQ (24)

Among several choices available in evaluating a split flux
Jacobian matrix, the Steger-Warming flux splitting method and
an approximate splitting method are used in this study. Because
these methods involve only a pointwise Jacobian matrix and do not
involve neighboring points, evaluation of the left- and right-hand
sides (RHS) in Eq. (24) could be carried out in a much more sim-
plified manner by the following manipulation of the flux Jacobian
matrix.

In case of the Steger-Warming approach, the flux Jacobian matrix
is split as

A* =RA*R™', AT =(A £|AD/2 (25)

Here, R and R™" are the left and right eigenvector matrix and A is
the eigenvectorhaving A,, A,, and A5 as different eigenvalues. The

eigenvaluesare defined as
o3 =Uxa,[82+ & (26)

The flux Jacobian matrix is reconstructedin the following form:

A =U,

A =RAR™' =A' + M1 27

where
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Here, p, and p,, are the derivativesof pressure with respect to total
energy and partial density. All of the metrics in Eq. (29) are used

after normalization.
With this reconstructed form of the flux Jacobian matrix, the

difference term of the Jacobian matrix in the diagonal matrix of
Eq. (24)issimply evaluatedby replacing the eigenvaluesin Egs. (27)
and (29) by their absolute values:

AT A" =R|A|R_1 =A,(|11,2,3|) + Ml |I (30)

More beneficially, the matrix and vector product terms in Eq. (24)
can be evaluated by the following formulation in vector form:

ATAQ =A(|21251)A0 + |4, |AQ

ywE + F + 4]

(@V:—"') (¢rsv Y >B+|zll
— a a a
(—f —W>A + (¢§y + H)B + |24
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N
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k=1

D =UiAqk,

k=1

NE + F+ |4

C =‘§qunl + ":yAan

N
B =&Aq, +5Aq,—U Y Ag =C =D

k=1

E =%A—£D, F=YXc (1)
a a a

This matrix-vector product formulation is an exact one and saves

a lot of computing time because this formulation is much more

efficient than the matrix-vector product calculation.

MUSCL-Type Total Variation Diminishing Scheme Based
on Roe’s Flux Difference Splitting

The finite volume cell-vertex schemeis used for spatial discretiza-
tion of governing equations. The convective terms in Eq. (18) are
expressed as differences of numerical fluxes at cell interfaces. The

U - H —
_ U2> s Llon=H) (Uéx B uz;ezH> o+ G0,

DeV 5 De ]
——Tnd = —=V$
a
PtV (&v — & peu) Dot Pebe
(éxéy— > >¢+ - v —¢+—
a a a
DeV Ev(2—-7) DeV DSy
(2 >¢ +E—y —¢+ ==
a a a
VPDe ": H - VpeU) peH peU
(Uéy >¢ + v —¢+—wy
a a a
k=1,...,N and [=1,....,N (28)

numerical fluxes containing artificial dissipation are formulated us-
ing Roe’s flux difference splitting (FDS) method'*:

Fyoy; =1IFQu) + F(Qu) — IAQr, 00)I(Qx — 01)]

where subscript L and R imply the extrapolated values at the left
and right grid points of cell interface. A(Qg, Q) implies that the
Jacobian matrix A is evaluated by the Roe’s average of Q and
Q.. Although there are various derivations of Roe’s FDS method
for multispecies chemically reacting flow such as Harten-Yee to-
tal variation diminishing (TVD) schemes,'* and these methods also
show good shock-capturing characteristics, the characteristic vari-
able approach of Grossman and Cinnella'’ is used in this study and
extended to two-dimensional curvilinear coordinates because only
the characteristic variable approach satisfies the definition of the
approximate Riemann solver and presents numerical flexibility of
artificial damping control. By following the primitive variable ap-
proach used by Grossman and Cinnella'’ for the interface Jacobian
matrix, the artificial dissipation term for chemically reacting flow
canbe writtenin two-dimensionalcurvilinearcoordinate as follows:

4
A(D)|8Q =RIAIR™'5Q =) |F|, 6w, (33)

=1

(32)

where

|5F|1 = 7}

Sy
ou — &E.0U
o — &0V

|6F|, =

1 N
(607 = §A0ED = &) = — > v

¢ k=1 _

|5F|3,4 = _fN (34)
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Swy =y ()P

Io)
Swy = () (ao - a—’j)

ows 4 = l//(/12,3)( (35)

op = paocUu
242
where (") implies the Roe’s averaged value at cell interface and &( )
means the difference of the extrapolated values at the left and right
grid points. Grid metrics &, and &, are used after normalization.
Because Roe’s FDS method does not satisfy the second law of
thermodynamics,its solutionsometimes shows unphysicalsolutions
such as the carbuncle phenomena. As a remedy of such problems,
the entropy fixing functionby Montagneetal.'® isusedin the present
study. In Eq. (35), w(A) is the corrected eigenvalue as follows:

[Al, Al > &

w(l) = { (36)
(A2 + &Y/ 2¢, Al < &

e =E[IVEIIUL + [VnllV] + (a/2)(IVEl + [VnD], . (37

3.
Small number &, which is typically used in the range of 0.01 <
& <0.1, is known to affect the artificial dissipation, the shock thick-
ness,and the convergencerate,'¢ butalarge valueZ =0.4 was usedas
areference value in the present study to ensure the solution stability.
As a higher-order extension of the upwind scheme, the MUSCL
scheme is used for the extrapolation of primitive variables at the
cell interface.” A limiter function is also used to overcome the
severedispersionerror introduced by the higher-orderextrapolation
and to preserve the TVD property.!” Using a minmod limiter, the
extrapolated variables at the cell interfaces are expressed as

a =g+ 1=V, _y + A+ A, L]

ar =dier = A+ DV L+ A=A L] 38

where
AH% =m1nrn0d(5[+%,ﬂ5i_%)
VH% =m1nrn0d(51+%,ﬂ5i+%)
5,'+% =q;+1—¢; (39)

minmod(x, y) =sign(x) - max[0, min{|x|, y -sign(x)}]  (40)

where ¢; is any primitive variable at grid point (i, j). The minmod
function preserves the TVD property in the range of

1=<B=<@B-np/(1-mn 41)

where 7 is the spatial accuracy control parameter. If n =—1 the
solution is second-order accurate in space and if n =% the solu-
tion is third-order accurate. In this study, the third-order scheme is
used for all cases. The minmod limiter shows different characteris-
tics according to the high-order extension parameter . The smaller
value of 8 preserves the monotonicity but introduces the larger nu-
merical dissipation. Because a prior one-dimensional shock-tube
study showed stable shock-capturing characteristic with g =1.25
in Mach number range 4-5, this value is used as a standard value
for the present study.

General Aspects of a Baseline Method

To find accurate and efficient numerical methods for the analysis
of unsteady shock-induced combustion, some comparative numeri-
cal experimentsare performed as follows. As a first step, simulations
of experimental results were conducted to validate the performance
of the baseline method. A constant time step is used equivalentto a
CFL number of three for incoming flow, and four subiterations are
performed. The computationaldomain is composed of a grid system
with 200 grid points along the projectile surface and 300 grid points
normal to the surface. The inflow boundary is set some distance in
front of the oscillating bow shock. In addition to the simulation of
experimental cases, numerical experiments were performed for one

of the cases using the first- and second-ordertime-accurate schemes
with a different number of subiterationsto find the optimum value.
Use of an approximate Jacobian splitting method is also examined
to understand the adaptability of this scheme to unsteady problems.

Simulation of Experimental Results

For the purpose of validating the developed computational fluid
dynamics code, Lehr’s experiments of periodically oscillating
shock-induced combustion® were numerically simulated. A stoi-
chiometric hydrogen-air mixture was used in the experiment at
320 mmHg and 403 m/s of sonic velocity. This sonic velocity corre-
sponds to the temperature of 293 K. The diameter of the hemispher-
ical projectile used in the experiment is 15 mm. The considered
cases are oscillating results at Mach numbers 4.18, 4.48, and 4.79.
Experimentally observed oscillation frequencies are 148, 425, and
712 kHz, respectively. Figure 2 is the experimental shadowgraph
for the cases of Mach number 4.18 and 4.79.

For the efficiency of computation, 2000 steps of time integration
were performed initially by a first-order scheme without subitera-
tion. After 1000 steps of integration, the oscillationbegins to appear
and goes to a regular cycle. The final solution after the 2000 steps
of integration are used as an initial condition of the second-order
integration. This first-order solution is also used as an initial condi-
tion for most of the numerical experiments performed in the present
study.

The final solution of the second-orderintegrationis obtained after
1000 more steps with four subiterations. The error norm of a subiter-
ation was less than 1% of the initial error after the subiterationsin ev-
ery time step. Figures 3-5 show the local Mach number distribution
of the flowfield and the temporal variation of density along the stag-
nation streamline for three Mach numbers. The Mach number distri-
butionis selected for plotting because it shows most of the important
flow characteristics of shock-induced combustion very clearly.

Fig. 2 Experimental shadowgraph of periodically oscillating shock-
induced combustion at Mach numbers 4.18 and 4.79 (Ref. 3).

Fig.3 Local Mach number distribution and the temporal variation of
density along stagnation line for the case of M =4.18.
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Table2 Comparison of the oscillation frequency of unstable
shock-induced combustion

Frequency, kHz M =4.08 M =4.48 M =479
Experiment 148 425 712
Present result 155 426 707
Yungster and Radhakrishnan® 163 431 701
Matsuo and Fujiwara® 160 —_— 725
Wilson and Sussman’ e 530
Hosangadi et al.'8 e 450
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Fig.4 Local Mach number distribution and the temporal variation of
density along stagnation line for the case of M =4.48.
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Fig.5 Local Mach number distribution and the temporal variation of
density along stagnation line for the case of M =4.79.

The plots of Mach number distributionagree well with the exper-
imental results, and the density history shows all of the details of the
instability mechanism. The instability mechanism will not be dis-
cussed anymore because it is beyond the scope of this paper and has
been discussed in previous papers.>~7 The frequency of oscillation
is obtained from these results and compared in Table 2 with ex-
perimental and numerical values obtained by previous researchers.
The results of the present simulation show satisfactory agreement
with experimental results even though they do not exactly agree.
The chemistry mechanism used in this study is same as the one
used by Yungster and Radhakrishnar® and Matsuo and Fujiwara,’
and the differentchoice of chemistry mechanism has been known to
be responsible for frequency disagreement in the results presented
by Wilson and Sussman’ and Hosangadi et al.'® The accuracy of
the chemistry mechanism will not be discussed anymore because it
seems to be satisfactory, judging by the simulation of experimental
results. Anyway, the baseline method could be considered to have
reliable solution accuracy according to the aforementionedcompar-
isons of the results.

On the basis of the reliability of the baseline method, the ef-
fect of different choices of numerical approaches will be discussed
in the following sections. The case of Mach number 4.48 will be
used as a reference case because it shows the flowfield most clearly

among the three cases and also shows a sufficient number of wiggles
in the reaction front and a sufficiently long induction distance be-
tween the bow shock and the reaction front, which it can be resolved
with the present grid system.

Order of Integration and Number of Subiterations

The effect of the order of temporal integration and the conver-
gence of subiteration were examined for the case of Mach number
4.48. A first-ordertime-accuratesolutionand second-order-accurae
solutions with 0, 2, 4, and 10 subiterations were obtained using the
same initial conditions for comparison. The initial condition is the
same as the one discussed in the preceding section. All other com-
putational conditions are fixed to that of the baseline method.

Figure 6 is the local Mach number distribution and temporal
variation of density along the stagnation streamline obtained by
the first-order-accuratetime-integration method. The Mach number
distribution shows relatively smooth variation in comparison with
the second-order time-accurate solution in Fig. 4. This smoothness
smears the sharpness of the waves, and some contact surfaces be-
tween the normal shock and the reaction front are not discernible
in the supersonic flow region, which can be identified in second-
order solution in Fig. 4. Such a trend of numerical smearing also
appears in the density variation. The first-order solution seems to
smear some waves but shows a very periodic oscillation, whereas
the second-order solution shows sharp but numerically oscillating
behavior in the postshock region.

In Fig. 7, the first-order solution shows a smooth variation of the
pressure at the stagnation point whereas the second-order solution
shows some overlaid high-frequencypeaks on the main pressure os-
cillation. However, the period of oscillation seems to be unchanged
in all cases with the change of the temporal accuracy of integration,
exceptin the case of a second-ordersolution with zero subiterations.

Time {usec]

020 -0.15 -0.10 -0.05 0.00
x [cm]

Fig.6 Local Mach number distribution and the temporal variation of
density along stagnation line for the case of M =4.48 with first-order
time integration.
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Fig.7 Temporal variations of pressure at stagnation point by different
orders of time integration and numbers of subiteration.
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Fig.8 Temporal variations of pressure at stagnation point by different
orders of time integration and numbers of subiteration; magnified plot
of dotted box in Fig. 7.

In cases when subiterations are performed, the solutions show con-
vergence as the number of subiterations is increased, although the
solution is nearly unchanged after two subiterations. This trend is
shown in Fig. 8, the magnified plot of the dotted box in Fig. 7. After
two subiterations,the subiterationerrornorm was less than 1% of the
initial variation for all of the time integrationsteps. As a reference,
the error norms were less than 1% and 0.01% for 4 subiterations
and 10 subiterations. Thus, two subiterations, or the convergence
criterion of 1%, is considered sufficient in this case because the
computational time increases nearly proportionally to the number
of subiterations.

Flux Jacobian Splitting Methods

Instead of the Steger-Warming flux Jacobian splitting method,
an approximate flux Jacobian splitting could be a simple and ef-
ficient way to carry out matrix inversion of LU-factored implicit
formulations.” This is especially true for a steady-state problem
because the latter requires just one N X N matrix inversion in a
lower sweep and a scalar diagonal inversion in an upper sweep,
whereas the use of an exactly split Jacobian matrix requires two
(N + 3) X(N + 3) matrix inversions in lower and upper sweeps.
By the latter method, the split Jacobian matrix in Eqs. (23) and (24)
is defined as

A* =1[A £ o(2)]

a(A) =K(|U|+a,/§§+§§), K>1 (42)

The difference of split Jacobian matrices is just a scalar value, and
matrix inversion can be done much more efficiently, even though
this procedure could present some difficulties in unsteady problems
due to the approximation. Moreover, the upper part of the matrix in-
versionbecomes a scalarinversionby including the chemical source
Jacobian matrix Z only in lower part of Eq. (23), and the lower could
becarriedoutby N X N matrix inversionby partitioningthe matrix.
The matrix and vector productin Eq. (24) can be also evaluated by
the following simplified formulation:

1A+ BAgq,

1 yvA + BAgy
2| uA + BAgy, +&C
VA + BAgy, + &,C

| HA + BAgys + UC |

N
A =&6qn1 + 6,0y — U ZAQk,

k=1

B =U * o(})

N
C= prkAQk — P(udgn1 + véqns — Oqn3) (43)

k=1
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Fig.9 LocalMachnumber distribution and temporal variation of den-
sity along stagnation line for the case of M =4.48, with approximate
Jacobian matrix splitting method and first-order time integration.
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Fig.10 Temporalvariationsof pressure atstagnationpointby different
flux Jacobian splitting methods and orders of time integration.

Because this kind of simplified formula takes only 10% of the com-
putational time of the matrix evaluation and matrix vector product,
this formula saves up to 50% of total computing time in the best case
of a nonreacting flow calculation that is used as an initial condition
for the unsteady simulation.

The result with the approximate Jacobian and first-order time
integrationis plotted in Fig. 9. In this case, the time step equivalent
to a CFL number of two is used because the CFL number of three
shows an instability problem. With the exception of the time step,
all of the computational conditions are fixed to that of the baseline
method. The Mach number distribution shows a similar diffusive
manner as that in Fig. 6. Worse yet is that the periodicity begins to
break in density variation. A temporally lagged solution is shown at
the final distribution of the Mach number, that is, the wiggles of the
combustion front are located at different positions then those shown
in Figs. 4 or 6. This trend can be also found in Fig. 10, which shows
the pressure variation at the stagnation point.

However, the solution is improved by using second-order time
integration with four subiterations. A time step equivalentto a CFL
number of three was available in this case, and the solution shows
nearly the same quality as that obtained using the Steger-Warming
flux Jacobian splitting method, as shown in Fig. 11. Thus, it is
understood from this result that the approximation of the left-hand-
side matrix would not be a significant matter if sufficient conver-
gence could be attained. However, it is hard to say that approx-
imate splitting is more efficient than the exact splitting method
because two subiterations seem to be sufficient in the case of the
Steger-Warming Jacobian splitting method. The time needed for
the case of the Steger-Warming Jacobian with two subiterations is
34.24 s/iteration, and the time needed for the case of the approxi-
mate Jacobian with four subiterationsis 34.90 s/iteration on a DEC
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Fig. 11 Temporal variations of pressure at stagnation point by dif-
ferent flux Jacobian splitting methods and orders of time integration;
magnified plot of dotted box in Fig. 10.
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Fig. 12 Comparison of temporal variations of pressure at stagnation
point for different grid systems; reference time is translated to match
the time of second pressure peaks.

personal workstation. The computeris composed of a 500-MHz Al-
pha 21164 microprocessor with 1 MB of L2 cache and 128 MB of
main memory.

Grid Refinement Study

A grid refinement study was carried out for five grid systems
as an extension of the considerations on spatial discretization. The
computations were performed by the first-order time integration
with the same time step size used in the baseline method. All other
conditions were fixed at those of the baseline method as well. The
resulting pressure history is plotted in Fig. 12 for comparison. Be-
causeit is not possibleto use the same initial conditionsfor different
grid systems, the pressure curves are translated to match the time of
the second pressure peaks.

The periodicity of the solution is reasonably captured in all grid
systems. The frequency of oscillationis smallest for the 400 X 600
grid, and other results show the trend of convergence to the re-
sults of the 400 X 600 grid system. The deviation of the oscillation
frequency is within 2% error. This trend says that the coarse grid
resolution may resultin a high oscillation frequency, which may be
considered to be in connection with artificial damping studied in
the limiter function section in part 2 of this paper,'® in which the
steepest method (having smallest numerical damping) shows the
smallest frequency. Even though the result of the 100 X150 grid
system shows a reasonable solution in Fig. 12, the 150 X200 grid
system is the smallest grid system that is adequate for capturing
the oscillatory behavior of shock-induced combustion, as shown in
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Fig.13 Temporal variations of pressure at stagnation point by using a
150 X200 grid system.
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Fig.14 Temporal variations of pressure at stagnation point by using a
100 X150 grid system.

Fig. 13. The periodicity of solution breaks down in the 100 X 150
grid system, as plotted in Fig. 14, if more time passes.

Conclusions

A fully implicit and time-accurate computational fluid dynamic
code is developed for the analysis of unsteady reactive flow sys-
tems. As a baseline method, an iterative fully implicit algorithm is
used for time integration,and a third-order-accurateupwind scheme
is used for spatial discretization. Periodically oscillating shock-
inducedcombustionphenomenawere consideredas validationprob-
lems, and comparison with experimental results shows the validity
of the baseline method.

A comparative study of numerical methods is made as a develop-
ing process of an efficient computational fluid dynamics code. The
first-order-accurate time-integration method results in a spatially
diffusive solution, and the periodicity of the solution is preserved
well. For the iterative solution of second-orderaccuracy, two subit-
erations seem to be sufficient with the Steger-Warming formulation
of the flux Jacobian matrix. The approximate splitting of the flux
Jacobian matrix results in a nearly same solution as that of the base-
line method, although the approximate splitting shows a diffusive
and time-lagging solution without or with a small number of subit-
erations. Thus, the approximation of the implicit part would not be
a matter of importance if a sufficient number of subiterations were
carried out for convergence.

From the grid refinement study, the 100 X 150 grid system seems
to be insufficient for the reproduction of the periodic solution. A
150 X200 grid system solution would be the smallest for the sta-
ble periodic solution, although the use of a finer grid exhibits a
converging trend to a smaller frequency solution.
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